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We introduce the strange quark mass to the Sakai–Sugimoto model of holographic QCD. We compute
mass shifts in the spectra of three-ﬂavor baryons at the leading order in perturbation in quark masses.
Comparison with experimental data shows an agreement only qualitatively.
© 2010 Elsevier B.V. Open access under CC BY license. 1. Introduction and summary
Holographic QCD, a string theory realization of QCD in the large
Nc limit, offers a new approach to QCD. The Sakai–Sugimoto model
[1,2] is the most successful model of holographic QCD. Although
the original proposal is a holographic dual of massless QCD, quark
masses can be introduced by worldsheet instantons [3,4] (see also
[5–7]).1 In the case of two ﬂavors, mass shifts in hadron spectra
due to the quark masses have been computed in [13], where the
mass shift of nucleon was found to be consistent with lattice QCD
results extrapolated to the chiral limit [14–17]. In the situation that
quarks are massless, baryons in three-ﬂavor Sakai–Sugimoto model
have been studied in [18]. However, in real QCD, where we have
three ﬂavors below chiral symmetry breaking scale, mass of the
strange quark is heavy compared with up and down quarks. Hence
it is important to deal with the third ﬂavor as a massive quark, es-
pecially to compare with the experimental data of hadron spectra.
In this short Letter, we introduce the strange quark mass to the
Sakai–Sugimoto model. We compute mass shifts in the spectra of
three-ﬂavor baryons, at the leading order in the expansion in quark
masses. Our main result is shown in the formula (3.13), and the
coeﬃcients appearing there are listed in Table 2, where we used
two input parameters mρ and fπ from experimental data to ﬁx
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Baryons are identiﬁed with an instanton-like soliton of the
Sakai–Sugimoto model [1]. This soliton solution has been studied
in detail in [19] (see also [20–26]). The mass of baryons can be
evaluated as a static energy of this nontrivial soliton of the gauge
theory [18,19], and also a mass shift of the baryons due to the
quark masses can be studied as an effect of the additional quark
mass term in the action [13]. Such a kind of mass shift of baryons
has been studied also in the context of chiral solitons (for three-
ﬂavor skyrmions, see e.g. [27,28], while for a review including
other chiral soliton models, see e.g. [29]). However, in the Sakai–
Sugimoto model, all the coeﬃcients in the action are ﬁxed by only
two input parameters from the meson sector. This is a remarkable
difference from many other chiral soliton models.2
In Section 2, we brieﬂy review computation of the baryon mass
shift in the case of two ﬂavors [13], with giving a brief summary
of necessary ingredients in this Letter. We begin with the action
of the Sakai–Sugimoto model, introduce the quark masses, give
the baryon conﬁguration, and after these preparation we compute
the baryon mass shift of two-ﬂavor baryons. Quantum state de-
pendence of SU(2) instanton evaluated here is useful in Section 3.
We also ﬁnd that the mass shift of the baryon depends on its
spin as well as the quantum number of its radial excitation, which
2 The existence of unnecessary modes whose counterparts are absent in QCD, is
a long-standing problem in holographic QCD. In this Letter, we simply ignore this
problem. We expect that a certain decoupling limit while the QCD scale is ﬁxed can
be taken, once we know systematically the structure of the 1/Nc and 1/λ correc-
tions.
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baryon, which has spin 3/2, is around 1.5 times larger than that
of the proton and the neutron. This is a characteristic prediction of
the Sakai–Sugimoto model, unlike conventional chiral soliton mod-
els.
In Section 3, we compute a shift of the baryon mass due to the
quark masses in the case of three ﬂavors. A soliton solution of the
massless three-ﬂavor Sakai–Sugimoto model has been studied in
[18], where a mass formula for baryons was obtained. The masses
of SU(3) baryons are degenerate when quarks are massless. How-
ever, once the SU(3)-breaking quark masses are considered, there
appear mass splittings of baryons. Using the SU(3) baryon conﬁg-
uration constructed by embedding the SU(2) instanton in a SU(3)
gauge ﬁeld, we obtain a formula of the mass shift of three-ﬂavor
baryons, which depends on the ﬂavor charge, the radial excitation
quantum number, and the spin of the baryons.
Finally, in Section 4, we discuss the comparison of the mass
splittings of baryons obtained numerically by our computation
with those observed in experiments. In Table 3, we show the mass
splittings of baryons with Y = 1 or I = 1, while we show the
mass splittings of baryons with I3 = 1 in Table 4. Agreements
of the theoretical and experimental values in these two tables are
qualitatively good but quantitatively inconclusive. The reason can
be that the physical strange quark mass are no longer very small.
To improve the matching, higher order corrections in the expan-
sion in the strange quark mass are necessary. In Table 5, we show
a mass difference of an octet baryon and its decuplet counterpart.
This is presented for the study of the known problem concerning
the overall magnitude of the baryon mass in the Sakai–Sugimoto
model. We observe that, at the leading order in the quark masses,
the inclusion of the quark masses does not improve the situation
of this problem.
2. A review of baryon mass shift
For our computation of the mass shift of the baryons for three
ﬂavors in Section 3, here we give a brief summary of necessary
ingredients, by reviewing [13].
2.1. Sakai–Sugimoto model
The Sakai–Sugimoto model [1,2] is a ﬁve-dimensional gauge
theory, in which Kaluza–Klein (KK)-decomposed gauge ﬁelds are
mesons, while baryons are provided by its solitons. The action is
given by the following ﬁve-dimensional U (N f ) Yang–Mills–Chern–
Simons theory in a curved background:
S = SYM + SCS,
SYM = −κ
∫
d4xdz tr
[
1
2
(
1+ z2)− 13 F2μν + (1+ z2)F2μz], (2.1)
and SCS is the 5-form Chern–Simons term. Here, μ,ν = 0,1,2,3
are four-dimensional Lorentz indices, and z is the coordinate of
the ﬁfth dimension. The ﬁeld strength is deﬁned as Fμν = ∂μAν −
∂νAμ − i[Aμ,Aν ] with the U (N f ) ﬂavor gauge ﬁelds Aμ and Az .
They are decomposed as
A = A + Â 1N f√
2N f
= AaTa + Â
1N f√
2N f
, (2.2)
where Ta (a = 1, . . . ,N2f − 1) are generators of SU(N f ), and 1N f
is the unit matrix of size N f . We work in the normalization
tr[TaTb] = 12 δab .
This model describes large Nc massless QCD. There are two pa-
rameters in (2.1): a mass scale MKK for which we chose a unitMKK = 1, and κ = λNc/(216π3) with the ’t Hooft coupling con-
stant λ. The parameter MKK can be easily recovered by a dimen-
sional analysis when we numerically evaluate the mass shift of the
baryons. The two parameters are chosen as
MKK = 949 [MeV], κ = 0.00745 (2.3)
to ﬁt the experimental values3 of the ρ meson mass mρ 
776 MeV and the charged pion decay constant fπ  92.4 MeV.
2.2. Quark mass in the model
Quark mass can be introduced into the Sakai–Sugimoto model
through worldsheet instantons. Connecting the D8- and D8-branes
corresponds to breaking the chiral symmetry in the model, and the
worldsheet instanton amplitude induces a quark mass term, which
breaks the chiral symmetry at the Lagrangian level. This method
has been ﬁrst developed in [3] and [4], but these two papers differ
in the regularization of the worldsheet instantons. In this Letter,
we follow [3].
The relation between the quark mass and the worldsheet in-
stanton is as follows. Let us connect the D8-branes and the D8-
branes by D6-branes. Then we can put a worldsheet instanton
whose Euclidean worldsheet has the boundary deﬁned by the color
D4-branes, the D8-branes, the D6-branes and the D8-branes. The
worldsheet instanton involves q¯LqR vertex of the left- and right-
handed quarks living at the D8–D4 and the D8–D4 intersections,
respectively. This vertex is precisely a quark mass operator.
In the gravity dual picture, where two of the corners on the
D4-branes are smeared out by the background curved geometry,
we can still put the worldsheet instanton in the same manner. The
worldsheet instanton amplitude which includes boundary coupling
to the Wilson line written in terms of the meson excitation Az on
the D8-brane, is given by
δS = c
∫
d4xP tr
[
M
(
exp
[
−i
zm∫
−zm
Az dz
]
− 1N f
)]
+ c.c., (2.4)
which should correspond to the quark mass term.4 Here M is a
quark mass matrix, and z = zm and z = −zm specify the location of
the D6-brane on the D8- and the D8-branes, respectively. The con-
stant subtraction −1N f makes sure that (2.4) vanishes for A = 0.
This term (2.4) can be written in terms of a pion ﬁeld U (x). The
ﬁeld Az relates to the pion ﬁeld [1,2],
3 If one rigorously treats the masslessness, numerical values in the chiral limit
should be used for fπ and mρ .
4 This term breaks a part of the gauge symmetry that the original action (2.1)
has, in a way consistent with the explicit chiral symmetry breaking by the quark
mass term. The reason is as follows.
Let us consider for simplicity the case that all the N f quarks share the same
mass, that is, M is proportional to an identity matrix 1N f . We have coincident D6-
branes in this case. Because the parts z = zm and z = −zm on the D8-brane are
connected by the D6-branes, the gauge transformations there must be equal. Thus
the gauge symmetry reduces to a restricted part (explicit breaking). Under this re-
stricted gauge transformation, (2.4) is invariant. Now, recall that the D8-brane gauge
symmetry at z → ±∞, i.e. at the boundary, corresponds to the chiral symmetry of
the boundary theory [1,2]. Therefore, if zm is close to z = ∞, the restriction put on
the gauge symmetry by the D6-branes is consistent with the explicit chiral symme-
try breaking by the quark mass. The breaking pattern is such that the left and the
right chiral symmetries are broken to their diagonal subgroup.
In general, one can choose different masses for the quarks; M is not propor-
tional to the identity matrix. The N f D6-branes are not on top of each other, but
are now at z = ±z(i)m where i = 1,2, . . . ,N f . In this case, the gauge symmetry on the
D8-brane is further restricted, and under this restricted gauge transformation (2.4)
is invariant. The remaining gauge symmetry is consistent with the explicit breaking
of the chiral symmetry (U (N f )L × U (N f )R → (U (1))N f ).
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[
−i
∞∫
−∞
dzAz
]
= exp[2iπ(x)/ fπ ]≡ U (x), (2.5)
where the decomposition of π(x) is deﬁned as π(x) = πa(x)Ta .
Thanks to this relation, the term (2.4) can be rewritten as
δS =
∫
d4x δL, δL ≡ c tr[M(U + U † − 21N f )]. (2.6)
Here, although zm is a ﬁnite value, we approximate the exponential
in (2.4) by (2.5).
2.3. Meson mass
The deﬁnition of U in (2.5) is a standard notation for the pion
ﬁeld in chiral perturbation theories, and it turns out that (2.6) re-
produces a well-known form of the quark mass term in the chiral
perturbation theories [30,31]. A constant c appears as an overall
factor in (2.6), but it is diﬃcult to evaluate the constant c ac-
curately because it comes from sub-leading contributions of the
worldsheet instantons in the curved space. As we shall see, us-
ing meson masses can be an alternative to the explicit use of the
constant c and the quark masses. We show the cases N f = 2 and
N f = 3 in turn.
In the case that N f = 2, (2.6) can be parametrized by a pion
mass mπ . The quark mass matrix is given by M = diag(mu,md),
where mu and md are the up and down quark masses, respectively.
They are related with the pion mass as
m2π =
2c
f 2π
(mu +md). (2.7)
Note that charged and neutral pions have the same masses in this
case, at the leading order.
In the case that N f = 3, we need three meson masses. The
quark mass matrix is given by M = diag(mu,md,ms), where ms
is the strange quark mass. Using the charged pion mass mπ± , the
charged kaon mass mK± and the neutral kaon mass mK 0,K¯ 0 , we
have
m2π± =
2c
f 2π
(mu +md), m2K± =
2c
f 2π
(mu +ms),
m2
K 0,K¯ 0
= 2c
f 2π
(md +ms). (2.8)
Since these are the simplest relations between quark and meson
masses, we use these as input parameters.
In the rest of this section, we work with N f = 2.
2.4. Baryon in the model
The baryon is identiﬁed as an instanton soliton localized in
the four-dimensional xM space (M = 1,2,3, z) [1]. The instanton
number of the Yang–Mills theory (2.1) corresponds to the baryon
number. An explicit solution of the equations of motion of the ac-
tion (2.1) has been obtained in [19]. Here we collect the part we
need.
The part relevant to our computation is the Az component of
the solution. The non-Abelian part is identical to the BPST instan-
ton, which, in a singular gauge, is given by
Az =
(
1
ξ2
− 1
ξ2 + ρ2
)(
xi − Xi)τi ≡ ABPST, (2.9)
while the U (1) part is simply Âz = 0. Here ξ ≡ ((z − Z)2 +
|x− X|2)1/2, and τi (i = 1,2,3) are the Pauli matrices. In (2.9), ﬁve
of the eight moduli parameters of the instanton come in explicitly:ρ is the size of the instanton, and XM = (X1, X2, X3, Z) = ( X, Z) is
the location of the instanton. As well as these ﬁve, there are three
SU(2) rotation moduli.
The classical value of the moduli is also obtained in [19] as5
ρ2cl =
27π
λ
√
6
5
, Zcl = 0. (2.10)
We can put Xi = 0 without loss of generality.
2.5. Mass shift of the baryons
Now we compute the baryon mass shift, including the depen-
dence on the quantum states of the baryon. At the leading order
in the quark mass, a classical shift of the baryon mass is simply
given by
δM = −
∫
d3x δL
[
Acl
]
, (2.11)
where Acl is the classical solution (2.9). It receives corrections
when we consider the quantum states of the baryon.
We begin with the z integral in (2.5). As the Az conﬁguration
(2.9) is proportional to a matrix xiτi for any value of z, the path
ordering in (2.5) reduces to an Abelian problem [32]. Hence we
obtain
U = exp[i f (r)xˆiτi] (2.12)
with
f (r) = π
[
1− 1√
1+ ρ2/r2
]
, r ≡
√(
x1
)2 + (x2)2 + (x3)2,
xˆi ≡ x
i
r
. (2.13)
Further, using (2.12) and the relation (2.7), we obtain a formula for
the mass shift,
δM = 4π f 2πρ3m2π × 1.104. (2.14)
Let us consider the quantum state dependence of the baryon.
Each of the baryon state can be speciﬁed by the quantum num-
bers {I(= J ), I3,nρ,nZ }, where I is the isospin, J is the spin,
and nρ and nz are quantum numbers associated with the mod-
uli ρ and Z , respectively. However, the Z -dependence disappears
because it comes in as z − Z in the baryon solution (2.9), and dis-
appears in (2.14). Dependence on the SU(2) rotation moduli also
disappears because U + U † is proportional to the unit matrix, and
the SU(2) rotation U + U † → G(U + U †)G† gives no effect. There-
fore, there is no dependence on nZ and I3, once I is speciﬁed. The
mass of proton and neutron are equal here.
The mass shift, however, depends on the modulus ρ . We can
show that the expectation value of ρn is labeled by nρ and the
spin l/2 (= J ); we write this as 〈ρn〉nρ ,l . To compute this, we use
the eigenfunction for the quantization of ρ obtained in [19],
R(ρ;nρ, l) = Cnρ ,le−cρρ
2/2ρβl−2F
(−nρ,βl; cρρ2), (2.15)
where βl ≡ 1+
√
(l + 1)2 + 4N2c /5, cρ ≡ 16π2κ/
√
6, and F (α,γ ; z)
is the conﬂuent hypergeometric function deﬁned by F (α,γ ; z) ≡
5 The action (2.1) is at the leading order in 1/λ expansion, while the size of the
instanton (2.10) is O(λ−1/2). In order to take sub-leading corrections into account,
the authors of [19] have studied also the Dirac–Born–Infeld (DBI) action, and they
obtained the same classical value of the moduli as in (2.10). However, the DBI cor-
rections do not suﬃce all the 1/λ corrections. In this Letter, we simply assume (2.1)
as our starting point.
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k=0
(α)k
(γ )k
zk
k! with (α)k ≡ α(α + 1) · · · (α + k − 1). Here Cnρ ,l is the
normalization factor, and we can normalize R(ρ;nρ, l) as
∞∫
0
dρ ρ3R(ρ;nρ, l)2 = 1, (2.16)
for each nρ and l. Let us consider the case that nρ = 0. Then, C0,l is
computed as
C0,l =
√
2cβlρ
Γ (βl)
. (2.17)
Using this, we can compute the expectation value of ρn as
〈
ρn
〉
nρ=0,l =
∞∫
0
dρ ρ3+nR(ρ;0, l)2 = Γ (βl + n/2)
cn/2ρ Γ (βl)
. (2.18)
It is straightforward to repeat this computation for other values
of nρ . For example, for nρ = 1, we have〈
ρn
〉
nρ=1,l =
(
1+ n(n + 2)
4βl
)
Γ (βl + n/2)
cn/2ρ Γ (βl)
=
(
1+ n(n + 2)
4βl
)〈
ρn
〉
nρ=0,l. (2.19)
To obtain the baryon mass shift for a given quantum state of
the baryon, we use the formula (2.18) with n = 3 and rewrite κ in
terms of fπ as κ = π f 2π/4,〈
ρ3
〉
nρ=0,l =
1
f 3π
( √
6
4π3
)3/2
Γ (βl + 3/2)
Γ (βl)
. (2.20)
Using (2.20), we obtain the mass shift for the baryon with nρ = 0
as
δMnρ=0,l
m2π
= 1.104× 6
3/4
2π7/2 fπ
Γ (βl + 3/2)
Γ (βl)
. (2.21)
Although two parameters fπ and mρ can be ﬁt by (2.3), only fπ
is relevant for evaluating the baryon mass shift. If we use fπ =
92.4 MeV and Nc = 3, (2.21) becomes
δMnρ=0,l=1
m2π
= 4.1 [GeV−1], (2.22)
δMnρ=0,l=3
m2π
= 6.2 [GeV−1], (2.23)
where the ﬁrst line corresponds to the mass shift of the proton
and the neutron, which share the same mass shift in the two-ﬂavor
case, and the second line corresponds to that of the delta baryon.
The worldsheet instantons in Sakai–Sugimoto model predict that
the mass shift of the delta baryon is around 1.5 times larger than
that of the nucleon and the proton, at the leading order in ex-
pansion in pion mass. The result (2.22) is consistent with values
obtained in chiral extrapolation of results of lattice QCD [14–17].
3. Three ﬂavors
Now we consider dependence on three-ﬂavor quark masses by
introducing the strange quark mass. When quarks are massless, the
baryon solution in three-ﬂavor Sakai–Sugimoto model has been
studied in [18]. It was found there that the classical moduli are
given in this case again by (2.10) (we can put Xi = 0). As a correc-
tion to the massless case, we study the additional action given by
(2.6) with N f = 3 to evaluate a shift of the baryon mass.Here we pay attention to how to construct the SU(3) baryon
states, for we can compute other than that in a way similar to Sec-
tion 2. The SU(3) baryon states, whose wave functions are written
by the seven SU(3) rotation moduli of the twelve SU(3) instanton
moduli, can be obtained in the following three steps; we ﬁrst em-
bed the SU(2) classical soliton solution into the SU(3) gauge ﬁeld,
next consider the SU(3) rotation moduli, and ﬁnally project this
rotated-soliton conﬁguration onto each baryon state. For this, in-
stantons can allow the techniques developed for skyrmions [27]
(see also [33–37]).
The SU(2) BPST instanton solution (2.9) can be embedded in
the SU(3) gauge ﬁeld as
Az =
(
ABPST 0
0 0
)
. (3.1)
This Az conﬁguration is still proportional to a matrix xiτi as in
the case of two ﬂavors. Therefore the path ordering in (2.5) can be
evaluated in the same way as in Section 2. As a result, we obtain
U0(x) =
(
exp[i f (r)xˆiτi] 0
0 1
)
, (3.2)
where f (r) appearing here is the same as that appearing in (2.13).
Here U0 represents the classical embedding of the SU(2) instanton.
The classical embedding (3.2) should be rotated so as to include
the SU(3) baryon states. Note that although the actual moduli
space is SU(3)/U (1), one can simply consider rotations in SU(3)
space, with imposing a constraint on harmonic functions on SU(3)
[38]. Hence we can simply put the SU(3)-rotated form
U (x) = GU0(x)G†, G ∈ SU(3), (3.3)
in (2.6), and we obtain [27]
δL = −4c
3
(
1− cos f (r))[(mu +md +ms)
−
√
3
2
(md −mu)D(8)38 (G) −
2ms −mu −md
2
D(8)88 (G)
]
,
(3.4)
where
D(8)ab (G) =
1
2
tr
(
G†λaGλb
)
(3.5)
is the Wigner’s D function for the adjoint representation of SU(3),
and λa (a = 1, . . . ,8) are the Gell-Mann matrices. Further, we use
(2.8) to write the mass shift as a function of meson masses. Then
we obtain
δM = 4π f 2πρ3 × 1.104
× 1
3
[(
1− √3D(8)38 (G) − D(8)88 (G)
)
m2
K 0,K¯ 0
+ (1+ √3D(8)38 (G) − D(8)88 (G))m2K±
+ (1+ 2D(8)88 (G))m2π±]. (3.6)
This mass shift depends on the quantum states of SU(3) rotation
and ρ moduli, while it does not depend on Z .
Now we project the operators D(8)38 (G) and D
(8)
88 (G) onto each
baryon state. The wave function of the SU(3) baryons is given by
[27,28]
ΨB(G) =
√
dim r(−1) J3+1/2D(r)Y ,I,I3;1, J ,− J3(G)∗
≡ √dim r(−1) J3+1/2D(r)μν(G)∗. (3.7)
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〈D(8)38 (G)/I3〉B and 〈D(8)88 (G)〉B .
8 〈D(8)38 (G)/I3〉B 〈D(8)88 (G)〉B 10 〈D(8)38 (G)/I3〉B 〈D(8)88 (G)〉B
N 1
5
√
3
3
10 
1
4
√
3
1
8
Λ 0 110 Σ
∗ 1
4
√
3
0
Σ 1
2
√
3
− 110 Ξ∗ 14√3 −
1
8
Ξ 4
5
√
3
− 15 Ω 0 − 14
Table 2
The values of a0, aK and aπ for each baryon state.
8 P N Λ Σ+ Σ0 Σ− Ξ0 Ξ−
a0
3
5
4
5
9
10
3
5
11
10
8
5
4
5
8
5
aK
4
5
3
5
9
10
8
5
11
10
3
5
8
5
4
5
aπ
8
5
8
5
6
5
4
5
4
5
4
5
3
5
3
5
10 ++ + 0 − Σ∗+ Σ∗0 Σ∗− Ξ∗0 Ξ∗− Ω−
a0
1
2
3
4 1
5
4
3
4 1
5
4 1
5
4
5
4
aK
5
4 1
3
4
1
2
5
4 1
3
4
5
4 1
5
4
aπ
5
4
5
4
5
4
5
4 1 1 1
3
4
3
4
1
2Here r is a label for the representation of SU(3); Y , I, I3 are the
quantum numbers of SU(3)ﬂavor, where I is the isospin, I3 is its
third component, and Y is the hypercharge; J , J3 are those of
SU(2)spin ⊂ SU(3)right, where J is the spin and J3 is its third com-
ponent. A constraint YR = Nc/3 = 1 (for Nc = 3) is imposed6 on
the hypercharge of SU(3)right. In the last expression of (3.7), μ and
ν represent {I, I3, Y } and { J ,− J3,1} in abbreviated form, respec-
tively. Using (3.7), the expectation value of the D functions can be
evaluated as〈
D(8)ab (G)
〉
B =
∫
dG Ψ ∗B (G)D
(8)
ab (G)ΨB(G)
=
∑
γ
(
8 r rγ
a μ μ
)(
8 r rγ
b ν ν
)
. (3.8)
The summation is taken over all occurrences of the representation
r in the product of the representation 8 and the other r. A table of
the SU(3) Clebsch–Gordan coeﬃcients [39] is given, for example,
in [40]. The results are shown in Table 1 [27].
Using Table 1 to take into account the SU(3) baryon state de-
pendence, we obtain a formula for the mass shifts in the baryon
spectra, at the leading order in the quark masses which are rewrit-
ten in the meson mass squared,
δMB = 4π f 2πρ3 × 1.104
× 1
3
(
a0m
2
K 0,K¯ 0
+ aKm2K± + aπm2π±
)
, (3.9)
with the coeﬃcients a0, aK and aπ listed in Table 2. This result
(3.9) is symmetric under the interchange of two ﬂavors: u ↔ d,
u ↔ s, and d ↔ s. This symmetry is manifest in Table 2.
We evaluate the expectation value of ρ3 in (3.9). We can eval-
uate its expectation value by using the eigenfunction obtained in
the case of three ﬂavors [18],
R
(
ρ;nρ, (p,q), l
)= Cnρ(p,q)le−cρρ2/2ρβ(p,q)l−(η+1)/2
× F (−nρ,β(p,q)l; cρρ2), (3.10)
6 This is expected to come from the Chern–Simons term of the Sakai–Sugimoto
model. A problem on the derivation of the constraint has been reported [18], and
here we simply assume this constraint.where η = 8 is the dimension of SU(3), Cnρ (p,q)l is a normalization
factor, and
β(p,q)l ≡ 1+
(
(η − 1)2
4
+ 2N
2
c
15
+ 8
3
(
p2 + q2 + 3(p + q) + pq)− l(l + 2))1/2. (3.11)
Here the (p,q) = (1,1), l = 1 and the (p,q) = (3,0), l = 3 cases
correspond to the octet and the decuplet, respectively. Although
we keep η as a parameter, η do not appear in the ﬁnal result
of the evaluation of 〈ρn〉. This is because we can normalize the
eigenfunction as
∫
dρ ρηR2 = 1. Starting with (3.10), we obtain the
expectation value of ρn in the nρ = 0 case as〈
ρn
〉
nρ=0,(p,q),l =
Γ (β(p,q)l + n/2)
cn/2ρ Γ (β(p,q)l)
. (3.12)
We ﬁnd that it is necessary to replace βl of the two-ﬂavor case
with β(p,q)l of the three-ﬂavor case. Computations for nρ = 0 cases
can be done in similar manners.
Thus we obtain the mass shift for the baryon state with nρ = 0
as
δMB,nρ=0,(p,q),l = 1.104×
63/4
2π7/2 fπ
Γ (β(p,q)l + 3/2)
Γ (β(p,q)l)
× 1
3
(
a0m
2
K 0 + aKm2K± + aπm2π±
)
, (3.13)
where β(p,q)l is deﬁned in (3.11), and the coeﬃcients a0, aK and aπ
are listed in Table 2. This is our main result for the mass shift at
the leading order in the quark masses from the chiral limit. Using
fπ = 92.4 MeV and Nc = 3, we obtain
δMB,nρ=0,oct =
1
3
(
a0m
2
K 0 + aKm2K± + aπm2π±
)× 7.9 [GeV−1],
δMB,nρ=0,dec =
1
3
(
a0m
2
K 0 + aKm2K± + aπm2π±
)× 9.5 [GeV−1],
(3.14)
for octet (spin 1/2) and decuplet (spin 3/2) baryons, respectively.
In Section 4, we discuss a comparison with experimental data.
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Mass splitting of baryons with Y = 1 or I = 1.
8 mΛ−N mΣ0−N mΣ0−Λ mΞ0−Λ mΞ0−Σ0
theory [MeV] 2.4× 102 4.8× 102 2.4× 102 3.5× 102 1.2× 102
experiment [MeV] 1.8× 102 2.5× 102 77 2.0× 102 1.2× 102
10 mΣ∗0−0 mΞ∗0−Σ∗0 mΩ−−Ξ∗0
theory [MeV] 1.8× 102 1.8× 102 1.8× 102
experiment [MeV] 1.5× 102 1.5× 102 1.4× 102
Table 4
Mass splitting between baryons with I3 = 1.
8 mN−P mΣ−−Σ0 mΣ0−Σ+ mΞ−−Ξ0
theory [MeV] 2.1 5.1 5.1 8.2
experiment [MeV] 1.3 4.8 ± 0.1 3.3 ± 0.1 6.9 ± 0.3
10 mbaryons mΣ∗−−Σ∗0 mΣ∗0−Σ∗+ mΞ∗−−Ξ∗0
theory [MeV] 3.1 3.1 3.1 3.1
experiment [MeV] ( 2) 3.5 ± 1.5 0.9 ± 1.4 3.2 ± 0.9We can evaluate the ρ-dependence also for the nρ = 1 ex-
citation, which includes the Roper excitation. We have the fol-
lowing ratio of the nρ = 1 and the nρ = 0 cases: 〈ρ3〉nρ=1,(p,q)l/
〈ρ3〉nρ=0,(p,q)l = (β(p,q)l + 15/4)/β(p,q)l . Hence the mass shifts for
the nρ = 1 excited baryon states are given by multiplying the
right-hand side of (3.13) by (β(p,q)l + 15/4)/β(p,q)l . As a conse-
quence, 7.9 and 9.5 in (3.14) are replaced with 12 and 14, respec-
tively.
Lattice QCD simulation with a light strange quark has not been
carried out yet. We hope that lattice computations of QCD in the
future, preferably with large Nc , may reproduce our analytic com-
putations (3.13) and (3.14).
A comment on higher order corrections is in order. Our result
(3.13) is at the leading order in the quark masses breaking the ﬂa-
vor symmetry, and also in the 1/Nc expansion. There are higher
order corrections to the action of the Sakai–Sugimoto model. The
higher order corrections in the 1/Nc expansion are from the higher
order string loops, while those in the expansion in the quark
masses can be obtained by the worldsheet instanton amplitudes
with higher instanton numbers [3]. It is important to compute such
higher order corrections, to get closer to real QCD in the holo-
graphic approach.
4. Discussions
We compare the mass splittings of baryons numerically eval-
uated from (3.14) with the observed baryon spectra in PDG [41].
Note that the mass shift (3.14) is obtained in perturbation at the
leading order in quark mass from the chiral limit, and one should
not expect our theoretical spectra to agree well, particularly with
observed values for baryons containing strangeness. The compar-
ison here is a ﬁrst step to include contributions from masses of
three-ﬂavor quarks.
We use the following experimental values as input parameters
of meson masses:
mπ± = 140 [MeV], mK± = 494 [MeV],
mK 0,K¯ 0 = 498 [MeV]. (4.1)
Together with (2.3), we use ﬁve input parameters, all of which
come from the meson sector.
The mass splittings of baryons with Y = 1 or I = 1 are
shown in Table 3, where the mass difference of two baryons B1
and B2 is written asmB1−B2 ≡mB1 −mB2 . (4.2)
The entry mΣ0−Λ corresponds to I = 1, while other entries are
for baryons with Y = 1. Here we adopt neutral baryons except
for the Ω− baryon in order to avoid the effects of the electromag-
netic interactions, which is not considered here.
This result, at the leading order in quark masses, qualitatively
captures a tendency of the baryon mass splittings, while quantita-
tively it is unsatisfactory. This could be because theoretical values
are obtained by a linear extrapolation to the physical strange quark
mass (70 MeV to 130 MeV), which is no longer very small. To
improve, we need higher order corrections, especially in the ex-
pansion in the strange quark mass.
The mass splittings of baryons in an isospin multiplet and with
I3 = 1 are shown in Table 4. We again ﬁnd a qualitatively good
but quantitatively inconclusive agreement in the comparison with
experiments. One of the reasons is the same as in the previous
paragraph; although the I3 = 1 mass splittings are proportional
to a small value md −mu , which is translated into the difference
between mK± and mK 0,K¯ 0 , the computation here is at the leading
order in the strange quark mass. In addition to this, we expect that
the electromagnetic interactions ignored here can be effective for
the I3 = 1 mass splittings.
Finally, we focus on octet–decuplet mass difference. A problem
is known that the overall magnitude of the baryon spectra is not
satisfactorily reproduced in the Sakai–Sugimoto model, once we
use (2.3) [18,19]. For instance, in the case of massless three ﬂa-
vors, the mass difference between octet and decuplet baryons was
calculated in [18] as
M10 − M8 = 0.386208× MKK ∼ 3.7× 102 [MeV] ≡ M0, (4.3)
where MKK = 949 MeV is used. However, the observed mass dif-
ference between the average value of octet baryons and that of
decuplet ones is around 230 MeV.
Once we include the quark mass, this mass difference is modi-
ﬁed as shown in Table 5, where B and B∗ label octet and decuplet
baryons, respectively. δMB∗ − δMB is the contribution from the
nonzero quark masses, and the octet–decuplet difference is eval-
uated as
mB∗−B |theory = M0 + δMB∗ − δMB . (4.4)
From Table 5, we observe that, at the leading order in quark
masses, the inclusion of quark masses does not improve the sit-
uation of this baryon mass problem. We believe higher order cor-
K. Hashimoto et al. / Physics Letters B 691 (2010) 65–71 71Table 5
Mass difference of an octet baryon and its decuplet counterpart.
B∗ − B 10− 8 0 − N Σ∗0 − Σ0 Ξ∗0 − Ξ0
δMB∗ − δMB [MeV] 0 4.6× 102 1.6× 102 2.2× 102
mB∗−B |theory [MeV] 3.7× 102 8.2× 102 5.2× 102 5.9× 102
mB∗−B |exp [MeV] 2.3× 102 2.9× 102 1.9× 102 2.2× 102rections other than the quark masses are relevant for resolving this
problem.
Acknowledgements
K.H. and N.I. would like to thank Kavli Institute for Theoret-
ical Physics at Santa Barbara. K.H. also thanks Yukawa Institute
for Theoretical Physics at Kyoto University, at which this topic was
discussed during the workshop YITP-W-09-04 on “Development of
Quantum Field Theory and String Theory.” N.I. also thanks RIKEN.
K.H. is partly supported by the Japan Ministry of Education, Cul-
ture, Sports, Science and Technology. T.I. is partly supported by
JSPS Research Fellowships for Young Scientists.
References
[1] T. Sakai, S. Sugimoto, Prog. Theor. Phys. 113 (2005) 843, arXiv:hep-th/0412141.
[2] T. Sakai, S. Sugimoto, Prog. Theor. Phys. 114 (2005) 1083, arXiv:hep-th/
0507073.
[3] K. Hashimoto, T. Hirayama, F.-L. Lin, H.-U. Yee, JHEP 0807 (2008) 089, arXiv:
0803.4192 [hep-th].
[4] O. Aharony, D. Kutasov, Phys. Rev. D 78 (2008) 026005, arXiv:0803.3547 [hep-
th].
[5] R. McNees, R.C. Myers, A. Sinha, JHEP 0811 (2008) 056, arXiv:0807.5127 [hep-
th].
[6] P.C. Argyres, M. Edalati, R.G. Leigh, J.F. Vazquez-Poritz, Phys. Rev. D 79 (2009)
045022, arXiv:0811.4617 [hep-th].
[7] M. Edalati, J.F. Vazquez-Poritz, arXiv:0906.5336 [hep-th].
[8] R. Casero, E. Kiritsis, A. Paredes, Nucl. Phys. B 787 (2007) 98, arXiv:hep-th/
0702155.
[9] O. Bergman, S. Seki, J. Sonnenschein, JHEP 0712 (2007) 037, arXiv:0708.2839
[hep-th].
[10] A. Dhar, P. Nag, JHEP 0801 (2008) 055, arXiv:0708.3233 [hep-th].
[11] A. Dhar, P. Nag, Phys. Rev. D 78 (2008) 066021, arXiv:0804.4807 [hep-th].
[12] N. Jokela, M. Jarvinen, S. Nowling, JHEP 0907 (2009) 085, arXiv:0901.0281 [hep-
th].[13] K. Hashimoto, T. Hirayama, D.K. Hong, arXiv:0906.0402 [hep-th].
[14] M. Procura, T.R. Hemmert, W. Weise, Phys. Rev. D 69 (2004) 034505, arXiv:hep-
lat/0309020.
[15] M. Procura, B.U. Musch, T. Wollenweber, T.R. Hemmert, W. Weise, Phys. Rev.
D 73 (2006) 114510, arXiv:hep-lat/0603001.
[16] QCDSF-UKQCD Collaboration, A. Ali Khan, et al., Nucl. Phys. B 689 (2004) 175,
arXiv:hep-lat/0312030.
[17] European Twisted Mass Collaboration, C. Alexandrou, et al., Phys. Rev. D 78
(2008) 014509, arXiv:0803.3190 [hep-lat].
[18] H. Hata, M. Murata, Prog. Theor. Phys. 119 (2008) 461, arXiv:0710.2579 [hep-
th].
[19] H. Hata, T. Sakai, S. Sugimoto, S. Yamato, Prog. Theor. Phys. 117 (2007) 1157,
arXiv:hep-th/0701280.
[20] D.K. Hong, M. Rho, H.-U. Yee, P. Yi, Phys. Rev. D 76 (2007) 061901, arXiv:hep-
th/0701276.
[21] D.K. Hong, M. Rho, H.-U. Yee, P. Yi, JHEP 0709 (2007) 063, arXiv:0705.2632
[hep-th].
[22] D.K. Hong, M. Rho, H.-U. Yee, P. Yi, Phys. Rev. D 77 (2008) 014030, arXiv:
0710.4615 [hep-ph].
[23] J. Park, P. Yi, JHEP 0806 (2008) 011, arXiv:0804.2926 [hep-th].
[24] K. Hashimoto, T. Sakai, S. Sugimoto, Prog. Theor. Phys. 120 (2008) 1093, arXiv:
0806.3122 [hep-th].
[25] K. Hashimoto, T. Sakai, S. Sugimoto, arXiv:0901.4449 [hep-th].
[26] Y. Kim, S. Lee, P. Yi, JHEP 0904 (2009) 086, arXiv:0902.4048 [hep-th].
[27] E. Guadagnini, Nucl. Phys. B 236 (1984) 35.
[28] A.V. Manohar, Nucl. Phys. B 248 (1984) 19.
[29] C.V. Christov, et al., Prog. Part. Nucl. Phys. 37 (1996) 91, arXiv:hep-ph/9604441.
[30] J. Gasser, H. Leutwyler, Ann. Phys. 158 (1984) 142.
[31] J. Gasser, H. Leutwyler, Nucl. Phys. B 250 (1985) 465.
[32] M.F. Atiyah, N.S. Manton, Phys. Lett. B 222 (1989) 438.
[33] P.O. Mazur, M.A. Nowak, M. Praszalowicz, Phys. Lett. B 147 (1984) 137.
[34] M.S. Sri Ram, H.S. Mani, R. Ramachandran, Phys. Rev. D 30 (1984) 1141.
[35] M. Praszalowicz, Phys. Lett. B 158 (1985) 264.
[36] M. Chemtob, Nucl. Phys. B 256 (1985) 600.
[37] H. Yabu, K. Ando, Nucl. Phys. B 301 (1988) 601.
[38] E. Witten, Nucl. Phys. B 223 (1983) 433.
[39] J.J. de Swart, Rev. Mod. Phys. 35 (1963) 916.
[40] P.S.J. McNamee, F. Chilton, Rev. Mod. Phys. 36 (1964) 1005.
[41] Particle Data Group Collaboration, C. Amsler, et al., Phys. Lett. B 667 (2008) 1,
and 2009 partial update for the 2010 edition.
